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Abstract
Disordered 2D chiral fermions provide an effective description of several materials including
graphene and topological insulators. While previous analysis considered delta correlated disorder
and no ultraviolet cut-offs, we consider here the effect of short range correlated disorder and the
presence of a momentum cut-off, providing a more realistic description of condensed matter models.
We show that the density of states is anomalous with a critical exponent function of the disorder
and that conductivity is universal only when the ultraviolet cut-off is removed, as consequence of
the supersymmetric cancellation of the anomalies.
PACS numbers: 73.22.Pr, 71.10.-w, 05.10.Cc
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I. INTRODUCTION
It is known that several materials exhibit fermionic excitations with linear dispersion re-
lation close to the Fermi level, which can be effectively described in terms of 2+1dimensional
Dirac fermions. Early examples include systems displaying integer quantum Hall effect [1]
and d-wave superconductors [2, 3] and more recently graphene [4–9] and topological insula-
tors [10, 11]. In particular, in the case of graphene at half filling it has been observed [12]
that the optical conductivity (for frequencies greater than the temperature) is essentially
constant in a wide range of frequencies and very close to the universal value (pi/2)(e2/h),
which also happens to be the value found for the system of non-interacting 2d Dirac fermions
[1], a remarkable result in view of the fact that interactions are not particularly weak. In
transport measurements an universal value for the conductivity is also found, of order of the
conductivity quantum e2/h [13]; again a surprising result in view of the presence of disorder
which is surely relevant in such experiments.
It is of course important to understand if and under which conditions such universality
can be understood theoretically. In presence of weak short range interactions, after first per-
turbative computations claiming non vanishing corrections, it was finally rigorously proved
[14] that the optical conductivity is exactly equal to its non interacting value. Note that
the emerging description is in terms of a Nambu-Jona Lasinio model and the natural cut-off
provided by honeycomb lattice ensures the correct symmetries and allows the proof of the
complete cancellation of the interaction corrections. On the other hand, in the case of long
range Coulomb interaction it has been predicted that the optical conductivity is still equal
to the non interacting value [5], the argument this time being based on the divergence of the
Fermi velocity. However, the Fermi velocity divergence found in the Coulomb case at very
low frequencies is clearly rather unphysical, and simply signals ultimate inadequacy of the
usual model of instantaneous Coulomb interaction. With the increase of the Fermi velocity
the retardation effects eventually become important, so that the retarded current-current
interaction must be added to the Coulomb density-density interaction; the emerging model
is in this case QED4,3 (with an ultraviolet cut-off ) in which the fermionic velocity is differ-
ent from the light velocity. Such system have been analyzed before in [15] , [16] and it was
found that the flow of the Fermi velocity stops at the velocity of light c, and, maybe most
importantly, that the coupling constant (i. e. the charge) in the theory is exactly marginal
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(anomalous critical exponents are found); as a consequence of that, the optical conductivity
is not equal to its non interacting value but corrections are found [17], which are however
quite small and still universal at lowest order (they depend only only from the fine structure
constant).
When we turn to the analysis of the effect of disorder on the conductivity, the natural
emerging description is in terms of disordered Dirac fermions, which were extensively ana-
lyzed along the years. In the case of chiral preserving disorder it was found that the density
of states is vanishing with a critical exponent (non trivial function of the disorder strength)
but the conductivity is universal and not depending from the disorder amplitude, see [1, 2].
Such results, obtained using the replica trick, were confirmed and extended by a Supersym-
metric analysis of such models [3, 18, 19] leading to a functional integral in Bosonic and
Grassmann variables and a local quartic interaction. It is rather natural to relate such re-
sults to the universal conductivity found by transport measurements in graphene [6], despite
the understanding of why the dominant disorder in graphene should preserve chirality is an
open issue which may be related to how the sample is produced. However, even assuming
that disorder preserves chirality, several questions still remain to be understood. The results
in [1–3, 18, 19] on Dirac fermions with disorder where found assuming delta correlated disor-
der and an unbounded fermionic dispersion relation (no ultraviolet cut-offs). Such features
makes an exact analysis possible (even non perturbative, see [19] and references therein) but
produce ultraviolet divergences similar to the one present in local Quantum Field Theory in
d = 1 + 1 (for instance in the Thirring model), which could lead to some discrepancy with
respect to lattice models (see [20, 21] and the discussion in [22]) which are of course free
from ultraviolet divergences. As the dispersion relation (in graphene or in the other con-
densed matter applications) is approximately conical (”relativistic”) only in a small region
around the Fermi level, it is natural to consider the presence of a momentum cut-off; more-
over, a short-range correlated disorder is a much more realistic description for condensed
matter systems, see e.g. [9–11]. Both such features make disordered Dirac fermions free
from ultraviolet divergences, and it is therefore natural to ask if the results with no cut-off
and δ-correlated disorder are sufficiently robust to persists under the above more realistic
conditions. Our main results are the following:
1. In the case of short range disorder, if the momentum cut-off is removed the density of
states vanishes with a critical exponent and the conductivity is universal; that is, the
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system has the same qualitative behavior than the case of δ-correlated disorder.
2. If the momentum cut-off is not removed, the density of states is still anomalous but
the conductivity has in general disorder-dependent corrections.
Therefore, the vanishing of the density of states with an anomalous exponent is a robust
property for chiral disordered fermions, but the exact vanishing of the disorder corrections
to the conductivity does not survive in general to the presence of a momentum cut-off. From
a Renormalization Group point of view this is rather natural. In presence of chiral disorder
the theory is marginal with a line of fixed points; therefore corrections are expected, as in
the case of the optical conductivity in presence of e.m. interaction. From this perspective,
it is the absence of corrections the more surprising feature of disordered Dirac fermions with
no cut-off; as it will be clear from the subsequent analysis, it is a direct consequence of the
validity of the Adler-Bardeen theorem and the exact cancellation of the chiral anomaly due
to the supersymmetry, which is valid only when the momentum cut-off is removed. The
presence of corrections to the conductivity in presence of an ultraviolet cut-off may have
of course implications for the physics of graphene, in which a natural ultraviolet cut-off is
provided by the honeycomb lattice.
The presence of momentum cut-off and of non local disorder prevents the use of any exact
methods, like the ones adopted in [1–3, 18, 19], and one has therefore to rely on functional
integral methods, which are more lengthy but of more general applicability. In particular
we will use multiscale methods based on Wilsonian Renormalization Group (RG), in the
more advanced form used in constructive Quantum Field Theory, see e.g. [27]. Such form
is exact, in the sense that the irrelevant terms (in the technical RG sense) are fully taken
into account, while in most non exact RG implementations the irrelevant terms are simply
neglected; as non local disorder or finite cut-offs are irrelevant in the infrared regime, non
exact RG cannot distinguish between local and non local disorder, or the presence or absence
of an ultraviolet cut-off.
Using the supersymmetric formalism we can rewrite disordered Dirac fermions in terms
of functional integrals. The fermionic sector strongly reminds the non local Thirring model
which was constructed using a multiscale analysis respectively in [24, 25] for the ultraviolet
problem and in [26] for the infrared part; therefore restricting to the fermionic sector a full
non-perturbative construction of the model can be achieved, in the sense of a proof of the
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well definiteness of the functional integrals removing cut-offs; this would be parallel to [28],
in which the restriction to the bosonic sector of an hyperbolic sigma model coming by a
disordered electron system was constructed.
The plan of the paper is the following. In §2 we define the model and we explain its su-
persymmetric representation. In §3 we analyze the critical theory at E = 0, we derive Ward
Identities and we show the validity of the Adler-Bardeen theorem and the supersymmetric
cancellation of the anomalies in the limit of removed ultraviolet momentum cut-off; also, the
relation with universality will be explained. In §4 we consider the non critical theory E 6= 0
and we discuss the infrared problem. Finally, in §5 the main conclusions are discussed.
II. DISORDERED CHIRAL FERMIONS AND SUPERSYMMETRIC REPRE-
SENTATION
A. The Dirac equation with vector disorder
The (regularized) first quantized Hamiltonian describing chiral disordered Dirac fermions
is
H =
2∑
i=1
σi(i∂˜i + gAi(x)) (1)
with x = (x1, x2) ∈ Λa, Λa is a square lattice with step a with antiperiodic boundary
conditions, σi are Pauli matrices
σ1 =

0 1
1 0

 σ2 =

0 −i
i 0

 σ0 =

1 0
0 −1


and ∂˜i is a regularized (smeared) derivative
∂˜ifx =
∑
y
χ−1(x− y)∂ify ∂if(x) = 1
2a
(f(x+ aei)− f(x− aei)) (2)
with χ(x) is a cut-off function defined as the Fourier transform of χ̂(k), with χ̂(k) a smooth
function which is χ̂(k) = 0 for |k| ≥ 2N+1 and χ̂(k) = 1 for |k| ≤ 2N ; Ai(x) is a Gaussian
random field with short range (but non local) correlation
E(Ai(x)Aj(y)) = δi,jv(x− y) (3)
and
|v(x− y)| ≤ Ce−κ|x−y| (4)
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and we will set κ = 1 for definiteness.
One is mainly interested in the average of the two-point function, from which the density
of states can be computed
E[< x| 1
iH − E |0 >] (5)
and in the average of the product of two functions
E[< x| 1
iH − E |0 >+−< 0|
1
iH + E
|x >+−] (6)
which is related to the conductivity. In the absence of disorder
< x| 1
iH − E |0 >=
1
L2
∑
k
eikxχ̂(k)

 −E 1a [i sin ak1 + sin ak2]
1
a
[i sin ak1 − sin ak2] −E


−1
(7)
In the following we will assume that 2N << pi
a
in order to avoid the fermion doubling
problem. Indeed at E = 0 the denominator in the r.h.s. of (5) is vanishing, in the L → ∞
limit, not only at k = (0, 0) but also at k = (0, pi/a), (pi/a, 0), (pi/a, pi/a) modulo 2pi/a. The
condition 2N << pi
a
ensures that the only remaining pole is the one at k = 0, so preventing
the fermionic species multiplication but at the same time preserving the chiral symmetry.
The role of the lattice cut-off is just to make the functional integrals appearing below well
defined and it will removed first.
B. Supersymmetric formalism
It is well known, see for instance [18], that the average of the two-point function (5)
and the average of the product of two functions (6) can be represented in terms of a super-
symmetric functional integral in the chiral basis. One introduces a finite set of Grassmann
variables ψ+ω,x, ψ
−
ω,x with ω = ± and defines, if ε = ±, the Grassmann integration by∫
dψεω,xψ
ε
ω,x = 1
∫
dψεω,x = 0 (8)
where dψεω,x is another set of Grassmann variables. Therefore if Dψ =
∏
x,ω=± dψ
+
ω,xdψ
−
ω,x
we can write
< x|[ 1
iH − E ]|y > |ω,−ω′ =
∫ Dψe−(ψ+,Aψ−)ψ−x,ωψ+y,ω′∫ Dψe−(ψ+,Aψ−) (9)
where A = σ1(iH − E). Note that the denominator of (9) is equal to DetA, and that∫ Dφe−(φ+,Aφ−) = 1
DetA
, for any n×n invertible matrix A with ReA > 0 and φ+, φ− complex
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numbers with (φ+)∗ = φ−. Therefore one obtains the following representation of the average
of the two point function
Gλ,E,N ;ω,ω′(x) = E[
∫
DφDψ[ψ−ω,xψ+ω′,y]e−(ψ
+,Aψ−)−(φ+,Aφ−)] (10)
and integrating over the disorder, calling Ψ+ = (ψ++ , ψ
+
−, φ
+
+, φ
+
−) and Ψ
− = (ψ−+ , ψ
−
−, φ
−
+, φ
−
−),
φ+ = (φ−)∗
Gλ,E,N ;ω,ω′(x) =
∫
P (dψ)P (dφ)eVψ−ω,xψ
+
ω′,0 (11)
where, if λ = 2g2
V = −λ
∫
dxdyv(x− y)
∑
α,α′=φ,ψ
∑
ω=±
Ψ+α,ω,xΨ
−
α,ω,xΨ
+
α′,−ω,yΨ
−
α′,−ω,y (12)
with
∫
dx = a2
∑
x and P (dψ) and P (dφ) are the fermionic and bosonic integration with
propagator δα,α′g(x) with
g(x) =
1
L2
∑
k
eikxχ̂(k)

1a [i sin ak1 − sin ak2] −E
−E 1
a
[i sin ak1 + sin ak2]


−1
(13)
and we have used that the normalization of the bosonic and fermionic integration are one
inverse to the other. The fermionic sector of the above functional integral coincides with a
massless Thirring model with a non local current-current interaction.
In the same way we can rewrite the averaged product of two functions as
Kλ,E,N(x) = E{
∫
DΨae−(ψ
+
a ,Aψ
−
a )−(φ+a ,Aφ−a )−ψ−a,ω,xψ
+
a,ω,0∫
DΨbe−(ψ
+
b
,Bψ−
b
)−(φ+
b
,Bφ−
b
)ψ−b,ω,xψ
+
b,ω,0} (14)
with A = iH − E, B = iH + E, and averaging over the disorder
Kλ,E,N(x) =
∫
P (dΨa)P (dΨb)ε
Vψ−a,ω,xψ
+
a,ω,0ψ
−
b,ω,xψ
+
b,ω,0] (15)
where
V = −λ
∫
dx
∫
dyv(x− y)
∑
α,α=φ,ψ
β,β′=a,b
∑
ω=±
Ψ+α,β,ω,xΨα,β,ω,xΨ
+
α′,β′,−ω,yΨα′,β′,−ω,y (16)
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III. THE CRITICAL THEORY
A. The averaged two point function
We define the generating function as
eWN (J,η) =
∫
P (dΨ)eV(Ψ)+
∫
dx[(η−x ,Ψ
+
x )+(η
+
x ,Ψ
−
x )+(Jx,ρx)] (17)
where ρω,α,x = Ψ
+
ω,α,xΨ
−
ω,α,x and we define, for α = (ψ, φ), ω = ±, the truncated correlations
< Ψ−α,ω,xΨ
+
α,ω,y >T,E,N=
∂2
∂η+α,ω,x∂η
−
α,ω,y
WN (J, η)|0 (18)
< ρα′,ω′,zΨ
−
α,ωxΨ
+
α,ωy >T,E,N=
∂3
∂Jα′,ω′,z∂η+α,ω,x∂η
−
α,ω,y
WN(J, η)|0
(19)
where < AB >T=< AB > − < A >< B > and < Ψ−ψ,ω,xΨ+ψ,ω′,0 >T,E,N≡<
ψ−ω,xψ
+
ω′,0 >T,E,N≡ Gλ,E,N ;ω,ω′(x) defined by (10).
Using a smooth decomposition of the unity, we write the propagator as sum of single
scale propagators at E = 0
g(x) =
N∑
j=hL
g(j)(x) (20)
where hL ∼ − logL and g(j)(x), the single scale propagator, is similar to g(x) (13) with
χ̂(k) replaced by fj(k) , with fj(k) non vanishing in 2
j−1 ≤ |k| ≤ 2j+1. The presence of a
minimal scale hL comes from the fact that antiperiodic boundary conditions are assumed,
and therefore the momenta are of the form k = 2pi
L
(n+ 1
2
), so that |ki| ≥ piL . L plays the role
of an infrared cut-off while 2N is the ultraviolet cut-off. Note that
|g(j)|L1 =
∫
dx|g(j)(x)| ≤ C2−j
|g(k)|L∞ = sup
x
|g(j)(x)| ≤ C2j (21)
We use now the following basic property of gaussian integrations, bosonic or fermionic, called
addition property and we get , calling the exponent in the r.h.s. of (17) simply V (Ψ, η, J)∫
P (dΨ)eV (Ψ,η,J) =
∫
P (dΨ(≤N−1))
∫
P (dΨ(N))eV (Ψ,η,J) =
∫
P (dΨ(≤N−1))eV
(N−1)(Ψ(≤N−1)η,J)
(22)
8
where P (dΨ(≤N−1)) and P (dΨ(N)) are gaussian integrations with propagator respectively
g(≤N−1)(x) and g(≤N)(x) and
V (N−1)(Ψ, η, J) =
∞∑
n=1
1
n!
ET (V ;n) (23)
with ET are the truncated expectations with respect to P (dΨ(N))
ET (V (Φ);n) = ∂
n
∂αn
log
∫
P (dΨ(N))eαV (Ψ
(N)+Φ)|α=0 (24)
When expressed in terms of Feynman graphs, the truncated expectation are written in
terms of connected diagrams only. The multiscale analysis continues integrating the fields
Ψ(N−1), ..,Ψ(h+1) obtaining
eWN (J,η) =
∫
P (dΨ(≤h))eV
(h)(Ψ(≤h),η,J) (25)
with V (h), called effective potential, being a sum of integral of monomials with n ≥ 0 Ψ, η
and m ≥ 0 J fields multiplied by kernels W (h)n,m; moreover P (dΨ(≤h)) is the integration with
propagator g(≤h)(x) =
∑
k≤h g
(k)(x).
The range of the disorder (κ = 1 in (4)) provides a naturalmomentum scale separating the
scales j in ultraviolet scales, between 0 and N , and infrared scales, namely between hL and
−1. Let us consider first the integration of the ultraviolet scales. The scaling dimension in
the case of δ-correlated disorder is the same in the ultraviolet and infrared region and equal
to D = 2 − n/2 −m, that is greater or equal to zero in the case n,m = (2, 0), (4, 0), (2, 1).
Therefore there are in general ultraviolet divergences and this requires that the ultraviolet
N → ∞ limit can be taken only choosing properly the bare parameters to N -dependent
and possibly singular value. For instance, in the case of the Thirring model with a local
δ-like interaction, the N → ∞ limit can be taken only choosing the bare wave function
renormalization vanishing as 2−ηN with η > 0.
In the case of short-ranged correlated disorder the situation is different; the non locality
of the disorder induces an improvement in the scaling dimension, and indeed no ultraviolet
divergences are present; the kernels of the effective potential are bounded uniformly in the
ultraviolet cut-off N . Consider for instance W
(h)
2,0 , h ≥ 0, with scaling dimension D = 1.
We can decompose W
(h)
2,0 , using general properties of truncated expectations (or the fact
that they are expressed in terms of connected diagrams), as in Fig. 1. Note that the first
9
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FIG. 1: Graphical representation of the decomposition of the kernel W
(h)
2,0 ; ; the blobs represent
W
(h)
n,m, the paired wiggly lines represent v, the full lines g(h,N) and the dotted lines are the external
fields
and third contributions are vanishing by parity considerations (remember that E = 0 here);
regarding the second, we can use the following bound
|
∫
dx1dx2dx3v(x1 − x2)g[h,N ](x1 − x3)W (h)2,1 (x2;x3, 0)| ≤
|g[h,N ]|L1|v|L∞
∫
dx2dx3|W (h)2,1 (x2;x3, 0)| ≤ C2−h, (26)
where we have inductively bounded |W (h)2,1 |L1 by a constant, as its dimension is D = 0. Note
the crucial role played by the non locality of the disorder; in the case of δ-correlated disorder
one needs to integrate over the wiggly lines instead than over the propagator (as |v|L∞ is
unbounded) so that in the above bound one gets |g[h,N ]|L∞|v|L1 instead of |g[h,N ]|L1|v|L∞ and
the resulting bound would be diverging as N → ∞ as 2N . Similar considerations could be
done for W
(h)
0,2 which can be decomposed as in the r.h.s. Fig. 2; the second term can again
be bounded by
|v|L∞|W (k)2,2 |L1
∑
h≤i′≤j≤i≤N
|g(j)|L1|g(i)|L1 |g(i′)|L∞ ≤
C1λ2
−2h ∑
h≤i≤N
(i− h)2−i+h ≤ C2λ2−2h (27)
This argument again cannot be repeated for the first term in Fig. 2, but the local part
vanishes since the local part of the bubble graph is zero by symmetry
1
L2
∑
k
χN (k)
k20 − k2 + 2ik0k
(k20 + k
2)2
= 0. (28)
A similar analysis can be repeated for the other terms to show that the scaling dimension
is always negative. The conclusion is that the effective potential is uniformly bounded in N
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+FIG. 2: Decomposition of W
(k)
0,2 : the blobs represent W
(k)
n,m, the paired wiggly lines represent v, the
paired line g(k,N)
and that there are no ultraviolet divergences even when the momentum cut-off is removed,
that is for N →∞.
B. Ward Identities and cancellation of the anomalies
A crucial role is played by Ward Identities, which can be obtained by performing in (17)
with E = 0 the chiral local phase transformation Ψ±ω,α,x → e±iaω,α,xΨ±ω,α,x and performing a
derivative with respect to aω,α,x and the external fields; due to the presence of cut-offs the
Jacobian is equal to 1 but, with respect to the formal Ward Identities obtained neglecting
cut-offs, one has an extra term; indeed it is found
Dω(p) < ρ̂α,ω,pΨ̂
−
α′,ω′kΨ̂
+
α′,ω′,k+p >T,0,N= δα,α′δω,ω′ [< Ψ̂
−
α′,ω′,kΨ̂
+
α′,ω′,k >T,0,N
− < Ψ̂−α′,ω′,k+pΨ̂+α′,ω′,k+p >T,0,N ]+ < δρ̂α,ω,pΨ̂−α′,ω′,kΨ̂+α′,ω′,k+p >T,0,N (29)
where Dω(k) = ik1 − ωk2, with ω = ±, ρα,ω,x = Ψ+α,ω,xΨ−α,ω,x,
δρ̂α,ω,p =
∫
dkCN(k,p)Ψ̂
+
α,ω,kΨ̂
−
α,ω,k+p (30)
with
CN(k,p) = [χ̂(k+ p)
−1 − 1]Dω(k + q)− [(χ̂(k)−1 − 1]Dω(k). (31)
The last term in (29) is due the the presence of the momentum cut-off which breaks the local
chiral invariance. Remarkably, such term it is not vanishing even removing the ultraviolet
cut-off, but the following identity holds
< δρ̂α,ω,pΨ̂
−
α′,ω′,kΨ̂
+
α′,ω,k+p >T,0,N=
εαλ
1
4pi
D−ω(p)
∑
α′′=φ,ψ
< ρ̂α′′,−ω,pΨ̂−α′,ω′,kΨ̂
+
α′,ω′,k+p >T,0,N +RN,α(k,p) (32)
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with
εψ = −1, εφ = 1 (33)
and RN,α(k,p) is in absolute value smaller than
2−N
|k||k−p| , that is vanishing for N →∞.
If we restrict to the fermionic sector, in the limit N → ∞ the first term in the r.h.s. of
(32) would be the chiral anomaly and the second term is vanishing. The fact that the chiral
anomaly is linear in the coupling is a property called Adler-Bardeen theorem. It is important
to stress the presence of the correction term RN in the l.h.s. of (32), which is vanishing only
in the N → ∞ limit. The derivation of (32) is based on a multiscale integration also for
the correction term in (29), and the main difference is that the source term (Jx,Ψ
+
xΨx)
is replaced by
∫
dxχα,ωδρα,ω,x where χ is a source term. After the integration of the fields
Ψ(N),Ψ(N−1), ..,Ψ(h+1) the effective potential can be again written as sum of monomials with
n Ψ fields, and m χ fields with kernels W˜
(h)
n,m. The analysis of W˜
(h)
2,1 is very similar to the
+
FIG. 3: Contributions to W˜
(h)
1,2 ; the black dot represents the χδρ vertex
analysis of W
(h)
2,1 in the previous section. An important difference with respect to the bound
(27) comes from the fact that CN(k,p)g
(i)(k)g(j)(k+ p) vanishes unless either i or j equals
the cut-offs scales N . Therefore, the second term in Fig. 3, which contributes to RN,α in
(32), can be bounded as (27) with the difference that one of the scales of the propagator
attached to the back dot have scale N ; therefore one obtains the bound
|λ||v|L∞|W (h)4,1 |L1
∑
h≤i′≤i≤N
|g(N)|L1|g(i)|L1|g(i′)|L∞ ≤ (34)
C1λ
22−2h(N − h)2−N+h ≤ C2λ22−2h2−(N−h)/2
leading to the vanishing of this contribution for N → ∞. On the other hand the non-
connected contributions, that is the first term in Fig. 3, is now non vanishing and contribute
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to the first term in (32) ; the bubble is now given by
εα
1
L2
∑
k
CN(k,p)
D−ω(p)
gω(k)gω(k+ p) = εα
1
4pi
+O(2−N) (35)
Remarkably, the anomalies cancel out in the WI for the total density due to supersym-
metry (that is, due to (33))
Dω(p)
∑
α=φ,ψ
< ρ̂α,ω,pΨ̂
−
α′,ω′,kΨ̂
+
α′,ω′,k+p >T,0,N= δω,ω′ [< Ψ̂
−
α′,ω′,kΨ̂
+
α′,ω′,k >T,0,N
− < Ψ̂−α′,ω′,k+pΨ̂+α′,ω′,k+p >T,0,N ] +
∑
α=φ,ψ
RN,α(k,p) (36)
We can write the Schwinger-Dyson equation
< Ψ̂−α,ω,kΨ̂
+
α,ω,k >T,0,N= ĝω(k) + λĝω(k)
∫
dpv̂(p)
∑
α′=φ,ψ
< ρ̂α′,−ω(p)Ψ
+
α,ω,k+pΨ
−
α,ω,k >T,0,N
(37)
and inserting (36) we obtain
< Ψ̂−α,ω,kΨ̂
+
α,ω,k >T,0,N= ĝω(k) + λĝω(k)
∫
dpv̂(p)
∑
α′=φ,ψ
RN,α′(k,p)
Dω(p)
(38)
It can be shown, by an analysis similar to the one for RN,α (34), that that
∫
dpv̂
∑
β=φ,ψ
RN,α
Dω
is smaller than 2−N , that is vanishing when the ultraviolet cut-off is removed. Therefore at
E = 0 the averaged 2-point function is equal to the free one up to corrections which are
vanishing only when the ultraviolet cut-off is removed N → ∞; on the other hand for any
finite cut-off non vanishing corrections are expected.
It is indeed useful to compare the present result to the analogous computation for the
Thirring model with non local interaction, that is neglecting the bosons; in such a case the
Schwinger-Dyson equation is still given by (37) but in the r.h.s.
∑
α=φ,ψ ρ̂α,−ω,α(p) should
be replaced by ρ̂ψ,−ω(p); by using the WI (29), (32) one would get an extra term in (38)
function of the chiral anomaly. As a result, one would find that the asymptotic behavior
of < Ψ̂−ψ,ω,kΨ̂
+
ψ,ω,k >T,0,N is different with respect to the non interacting case; for small k
< Ψ̂−ψ,ω,kΨ̂
+
ψ,ω,k >T,0,N would behave as |k|−1+η with η > 0. In the present case, instead, the
cancellation of the anomalies due to the supersymmetry has the effect that the asymptotic
behavior of the two point function is equal to the free one, up to a small correction vanishing
when the cut-off is removed.
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C. The average of the product
Starting from (15) for E = 0, and using the notation (18) (with P (dΨ) replaced by
P (dΨa)P (dΨb)) we can write
Kλ,0(x) =< ψ
−
a,ω,xψ
+
a,ω,0 >T,0,N< ψ
−
b,ω,xψ
+
b,ω,0 >T,0,N + < ψ
−
a,ω,xψ
+
a,ω,0ψ
−
b,ω,xψ
+
b,ω,0 >T,0,N (39)
The computation of < ψ−a,ω,xψ
+
a,ω,y >T,0,N can be done exactly as in the previous case. The
Schwinger-Dyson equation is given by
< ψ̂−β,ω,kψ̂
+
β,ω,k >T,0,N= ĝω(k)+λĝω(k)
∫
dpv̂(p)
∑
α′=φ,ψ
∑
β′=a,b
< ρ̂α′,β′,−ω(p)ψ̂+β,ω,k+pψ̂
−
β,ω,k >T,0,N
(40)
and using the WI
Dω(p) < ρ̂α,β,ω,pψ̂
−
β′,ω′,kψ̂
+
β′,ω′,k+p >T,0,N= δα,ψδβ,β′δω,ω′ [< ψ̂
−
β′,ω′,kψ̂
+
β′,ω′,k >T,0,N
− < ψ̂−β′,ω′,k+pψ̂+β′,ω′,k+p >]+ < δρ̂α,β,ω,pψ̂−β′,ω′,kψ̂+β′,ω′,k+p >T,0,N (41)
where ρα,β,ω,x = Ψ
+
α,β,ω,xΨ
−
α,β,ω,x and again
< δρ̂α,β,ω,pψ̂
−
β′,ω′,kψ̂
+
β′,ω′,k+p >T,0,N= (42)
εαλ
1
4pi
D−ω(p)
∑
α′′=φ,ψ
β′′=a,b
< ρ̂α′′,β′′,−ω,pψ̂−β′,ω′,kψ̂
+
β′,ω′,k+p >T,0,N +R
(2)
N,α,β(k,p)
we get
< ψ̂−β,ω,kψ̂
+
β,ω,k >T,0,N= ĝω(k) + λĝω(k)
∫
dpv̂(p)
∑
α′=φ,ψ,β′=a,b
R
(2)
N,α′,β′(k,p)
Dω(p)
(43)
with
∫
dpv̂(p)
R
(2)
N,α′,β′
Dω
is O(2−N). In a similar way one analyze the connected part of (39);
we write the Schwinger-Dyson equation for the four point function
< ψ̂−a,ω,k1ψ̂
+
a,ω,k2
ψ̂−b,ω,k3ψ̂
+
b,ω,k4
>T,0,N=
∫
dpv̂(p)
∑
α′=φ,ψ
β′=a,b
< ρ̂α′,β′,−ω,pψ̂−a,ω,k1ψ̂
+
a,ω,k2
ψ̂−b,ω,k3ψ̂
+
b,ω,k4−p >T,0,N
(44)
The WI for the four point function is
Dω(p) < ρ̂α′,β′,−ω,pψ̂−a,ω,k1ψ̂
+
a,ω,k2
ψ̂−b,ω,k3ψ̂
+
b,ω,k4−p >T,0,N +
< δρ̂α′,β′,−ω,pψ̂
−
a,ω,k1
ψ̂+a,ω,k2ψ̂
−
b,ω,k3
ψ̂+b,ω,k4−p >T,0,N= 0 (45)
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with
< δρ̂α′,β′,−ω,pψ̂−a,ω,k1ψ̂
+
a,ω,k2
ψ̂−b,ω,k3ψ̂
+
b,ω,k4−p >T,0,N= (46)
εα′λ
1
4pi
Dω(p)
∑
α′′,β′′
< ρ̂α′′,β′′,ω,pψ̂
−
a,ω,k1
ψ̂+a,ω,k2ψ̂
−
b,ω,k3
ψ̂+b,ω,k4−p >T,0,N +R
(4)
N,α′,β′(k1,k2,k3,k4,p)
and using that
∑
α′=φ,ψ εα′ = 0 we finally obtain
< ψ̂−a,ω,k1ψ̂
+
a,ω,k2
ψ̂−b,ω,k3ψ̂
+
b,ω,k4
>T,0,N=
∑
α′,β′
∫
dpv̂(p)
R
(4)
N,α′,β′
Dω(p)
(47)
and again the r.h.s. is vanishing as O(λ2−N)). Therefore, by (39),(43),(47) the interacting
average of the productKλ,0,N(x) (14) differs from its non interacting valueK0,0,N(x) by terms
which are order O(λ2−N) for large N ; exact universality for such quantity (and therefore for
the conductivity) is achieved only in the limit of removed ultraviolet cut-off.
IV. THE NON CRITICAL THEORY AND THE INFINITE VOLUME LIMIT
We have to discuss finally the removal of the infrared cut-off and the case E 6= 0. Again
we perform a multiscale decomposition of Ψ in the E 6= 0 case and the integration of the
ultraviolet (positive) scales is done as in the previous section (the fact that E 6= 0 plays
no role in the ultraviolet regime). We consider now the integration of the negative infrared
scales, in the L→∞ limit. In this case there is no improvement with respect to the scaling
dimension, and one has to define a renormalized multiscale integration in the following way.
Assume that we have integrated the fields Ψ(N), ..,Ψ(h), h ≤ 0 obtaining
eW(J,φ) =
∫
PZh,Eh(dΨ
(≤h))eV
(h)(
√
ZhΨ,η,J) (48)
where PZh,Eh(dΨ
(≤h)) is the gaussian integration with propagator, α = ψ, φ
gα(x,y) =
1
L2
∑
k
χ̂h(k)e
ik(x−y) 1
Z
(α)
h

D+(k) E(α)h
E
(α)
h D−(k)


−1
(49)
and χ̂h(k) =
∑h
j=−∞ fj(k) and again V
(h) being a sum of integral of monomials with n ≥ 0
Ψ, η and m ≥ 0 J fields multiplied by kernels Ŵ (h)n,m. We decompose the kernels as
Ŵ (h)n,m(k) = Ŵ
(h)
n,m;a(k) + Ŵ
(h)
n,m;b(k) + Ŵ
(h)
n,m;c(k) (50)
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where Ŵ
(h)
n,m;a and Ŵ
(h)
n,m;b are respectively the zero-th and first order contribution in E to
Ŵ
(h)
n,m and Ŵ
(h)
n,m;c is the rest. We define a localization operator on the terms with positive
scaling dimension D = 2− n/2−m in the following way
LŴ (h)4,0 (k1,k2,k3,k4) = Ŵ (h)4,0;a(0, 0, 0, 0)
LŴ (h)2,1 (k1,k2,k3) = Ŵ (h)2,1;a(0, 0, 0)
LŴ (h)2,0;ω,ω(k) = Ŵ (h)2,0:ω,ω;a(0) + k∂Ŵ (h)2,0;ω,ω;a(0)
LŴ (h)2,0;ω,−ω(k) = Ŵ (h)2,0:ω,−ω;a(0) + Ŵ (h)2,0:ω,−ω;b(0) (51)
and we write
eW(J,φ) =
∫
PZh,Eh(dΨ
(≤h))eLV
(h)(Ψ,η,J)+(1−L)V (h)(
√
Zh−1Ψ,η,J) (52)
The action of (1− L) on the kernels improve their scaling dimension. For instance
(1− L)Ŵ (h)4,0 = [Ŵ (h)4,0;a(k)− Ŵ (h)4,0;a(0)] + Ŵ (h)4,0;b(k) (53)
and the first term in the r.h.s. has negative dimension while regarding the other term one
has simply to use that the bound for Ŵ
(h)
4,0;a as an extra
E
(α)
h
2h
.
We use now the following symmetries of the propagator at E = 0
(g(k)ω )
∗(k1, k2) = g(h)ω (−k1, k2) g(h)ω (k1, k2) = −iωg(h)ω (k2,−k1) (54)
and that at E = 0 there is global phase invariance Ψ±α,ω → e±iαα,ωΨ±α,ω.
Therefore
1. The local part of the terms with four fields with the same ω is vanishing; indeed if
n is the order there are n− 2 (ω)-propagators and n (−ω)-propagators; then by (54)
Ŵ
(h)
4,0;a(k1, k2) = (iω)
−2W (h)4,0 (−k2, k1) so that Ŵ (h)4,0;a(0, 0) = −Ŵ (h)4,0;a(0, 0) = 0; moreover
by global phase invariance there is an even number of fields with the same (α, ω).
2. The quartic terms are real. Indeed by (54) (Ŵ
(h)
4,0;a)
∗(k1, k2) = Ŵ
(h)
4,0;a(−k1, k2), so that
the local part is real
3. The local part of the terms with two external line and the same ω is vanishing by the
parity of the propagator.
4. Finally ∂1Ŵ
(h)
2,0;a(0) = iω∂2Ŵ
(h)
2,0:a(0)
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The only quadratic terms in LV(h) are the one multiplying ∂W (h)2,0;ε,ε;a(0) and W (h)2,0:ε,−ε(0)
producing respectively a renormalization of Z
(α)
h and E
(α)
h . Therefore we can move the
quadratic terms in the gaussian integration so obtaining∫
PZh−1,Eh−1(dΨ
(≤h))eLV˜
(h)(
√
Zh−1Ψ,η,J)+(1−L)V (h)(
√
Zh−1Ψ,η,J) (55)
and
LV˜ (h)(Ψ, 0, 0) = λ1,h
∑
ω
∫
dxψ+x,ωψ
−
x,ωψ
+
x,−ωψ
−
x,−ω + (56)
λ2,h
∑
ω
∫
dxφ+x,ωφ
−
x,ωφ
+
x,−ωφ
−
x,−ω + λ3,h
∑
ω
∫
dxψ+x,ωψ
−
x,ωφ
+
x,−ωφ
−
x,−ω
One can write (55) as∫
PZh−1,Eh−1(dΨ
(≤h−1))
∫
PZh−1,Eh−1(dΨ
(h))eLV˜
(h)(
√
Zh−1Ψ,η,J)+(1−L)V (h)(Ψ,η,J) (57)
and the procedure can be iterated up to a scale h∗α (that is h
∗
ψ for the fermionic fields and
h∗φ for the bosonic ones) such that Eh∗α = 2
h∗α; one can see that g(−∞,h
∗) obey exactly to the
same bounds as the single scale propagator g(h) with h > h∗α. The outcome of this procedure
is a sequence of V (h)(Ψ, η, J) with kernels W
(h)
n,m, expressed in terms of the effective coupling
constants λi,k, k = h, h+1, ..0; the kernels are finite uniformly in h provided that the running
coupling constants stay bounded. On the other hand the running coupling constants are the
same in the critical theory at E = 0. Therefore in order to study their flow can consider the
theory with E = 0 and infrared cut-off 2h, replacing χ̂(k) with χ̂h,N(k) =
∑N
j=h fj(k) with
h ≤ 0. The Schwinger-Dyson equations for the two and four point function coincide with
the ones derived in the previous sections up to negligible corrections due to the presence of
the infrared cut-off 2h. Therefore fixing the value of the external momenta at the scale of
the infrared cut-off we get
λh−1,i = λ0,i +O(λ
2
0) Z
(α)
h = 1 +O(λ
2
0) (58)
and λ0 = λv̂(0) + O(λ
2). This means that the effective couplings λh,i converge to a line of
fixed points (the beta function is asymptotically vanishing) and the critical exponent for the
wave function renormalization is zero (contrary to what happens in the fermionic theory in
which is positive).
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The flow equation for the energy is given by
E
(ψ)
h−1
E
(ψ)
h
= 1 + aλ1,h +O(λ
2
h)
E
(φ)
h−1
E
(φ)
h
= 1 + aλ2,h + O(λ
2
h) (59)
with a = 1
2pi
> 0 and by symmetry the contributions with different α do not mix, by the
global phase symmetry valid at E = 0. Therefore
E
(α)
h = E2
−ηαh (60)
with ηα = av̂(0)λ+ O(λ
2); this implies 2h
∗
α = E
1
1+ηα . For h ≥ h∗ = max(h∗φ, h∗ψ) this makes
clear why the second term in (53) has the correct scaling dimension; indeed E
(α)
h 2
−h can be
bounded by 2(1+ηα)(h
∗−h) which is sufficient to make the dimension negative. For h ≤ h∗ the
theory becomes purely fermionic or bosonic. Therefore
< ψ̂−k,ωψ̂
+
k,−ω >=
∞∑
h=h∗
ψ
E
(ψ)
h
Z
(ψ)
h
fh(k)
k20 + k
2
(1 + λFh) (61)
with |Fh(k)| ≤ λ and E(ψ)h = E, Zh = 1 f or h ≥ 0; we have used that the contributions from
the scales h ≤ h∗ are summable. The density of states (with imaginary energy) is therefore
bounded by
0∑
h=h∗
ψ
|E(ψ)h |+ E
∞∑
h=0
e−ε2
h ≤ C
η
E
1
1+η (62)
where C is a suitable constant and ε is an extra ultraviolet cut-off ; that is the density of
states vanishes with a critical exponent.
V. CONCLUSIONS
We have analyzed for the first time chiral Dirac fermions in presence of a momentum
cut-off and short range disorder, extending previous results in which only delta correlated
disorder without ultraviolet cut-off was considered. The model provides a more realistic
description in view of applications to condensed matter models, and is free from any ultra-
violet divergence. We have shown that the density of states is anomalous with a critical
exponent function of the disorder and that the conductivity is exactly universal only when
the ultraviolet cut-off is removed; this may have implications for the physics of graphene in
18
which a natural ultraviolet cut-off is provided by the honeycomb lattice.
[1] A. Ludwig, M. Fisher, R. Shankar, G. Grinstein Phys. Rev. B 50, 11 7526 (1994)
[2] A.A. Nersesyan, A.M. Tsvelick, F. Wenger Phys. Rev Lett. 72, 16 2628 (1994); Nucl. Phys. B
438, 561 (1995)
[3] A. Atland, B D Simons, M.R. Zirnbauer Phys. Rep. 359, 283-354 (2002)
[4] T. Stauber, F. Guinea, V. Vozmediano Phys Rev B, 71, 041406 (R) (2005)
[5] I. F. Herbut, V. Juricic and O. Vafek, Phys. Rev. Lett 10, 046403 (2008).
[6] P.M. Ostrovaky, I.V.Gornyi, A.D. Mirlin Phys. Rev. B, 74, 235443 (2006)
[7] F. Guinea, B Horowitz, P Le Doussal Phys. Rev. B 77, 205421 (2008)
[8] K. Ziegler, B. Dora, P. Thameir Phys. Rev. B 79, 235431 (2009)
[9] A. Fedorenko, D. Carpentier, E. Orignac Phys. Rev. B 85, 125437 (2012)
[10] K. Nomura, S. Ryu, M. Koshino, C. Mudry, A. Furusaki Phys. Rev. Lett. 100, 246806 (2008)
[11] R. S. K. Mong, J. H. Bardarson, J. E. Moore Phys. Rev. Lett., 108, 076804 (2012).
[12] R. R. Nair, P. Blake, A. N. Grigorenko, K. S. Novoselov, T. J. Booth, T. Stauber, N. M. R.
Peres, A. K. Geim, Science 320, 1308 (2008)
[13] K.S. Novoselov, A.K. Geim et al. , Nature 438, 197 (2005); Y.Zhang et al., Nature 438, 201
(2005).
[14] A. Giuliani, V. Mastropietro, M. Porta Phys. Rev. B 83, 195401 (2011); Comm. Math. Phys.
311 (2012), no. 2, 317355.
[15] J. Gonzalez, F. Guinea and M. A. H. Vozmediano, Nucl. Phys. B 424, 595 (1994).
[16] A. Giuliani, V. Mastropietro and M. Porta, Phys. Rev. B 82, 121418 (2010); Ann. of Phys.
327, 461 (2012).
[17] I. Herbut V.Mastropietro Phys. Rev. B 87, 205445 (2013)
[18] C. Mudry, C. Chamon, X.-G. Wen Nucl. Phys. B. 466, 383 (1996).
[19] C. Mudry, S. Ryu, A. Furusaki Phys. Rev. B 67, 064202 (2003)
[20] K. Ziegler, M.H. Hettler, P.J. Hirchfeld Phys. Rev. Lett 78, 3982 (1997)
[21] K. Ziegler Nucl. Phys. B 344, 499 (1990); Phys. Rev. B 53, 9653 (1996)
[22] M. Bocquet, D. Serban, M.R. Zirnbauer Nucl. Phys. B 578 (2000) 628
[23] T. Senthil, M.P.A. Fisher, L. Balents, C. Nayak Phys. Rev. Lett. 81, 4704 (1998)
19
[24] V. Mastropietro J. Math. Phys. 48, 2, 022302 (2007)
[25] A.Lesniewski Comm. Math. Phys. 108,437 (1987)
[26] G. Benfatto V. Mastropietro Comm. Math. Phys. 608, 209 (2005)
[27] J. Glimm, A. Jaffe. Quantum Physics: a functional integral point of view. Springer 1987; G.
Gallavotti Reviews of Modern Physics, 57, 471–562, (1985); G.Gentile, V.Mastropietro Phys.
Rep. 352 (2001), no. 4-6, 273437; V. Mastropietro. Non perturbative Renormalization. World
Scientific (2008).
[28] T.Spencer, M. Zirnbauer Comm.Math. Phys. 252,167 (2004)
20
